We introduce a novel way to perform high-order computations in multi-Regge-kinematics in planar N = 4 supersymmetric Yang-Mills theory and generalize the existing factorization into building blocks at two loops to all loop orders. Afterwards, we will explain how this framework can be used to easily obtain higher-loop amplitudes from existing amplitudes and how to relate them to amplitudes with higher number of legs.
Introduction
Vast progress in understanding the structure of the S-Matrix in N = 4 Super Yang-Mills (SYM) theory has been made in recent years. Large part of this success has been due to the very large amount of symmetries and special properties of the theory, which make it a prime candidate for the search for general mathematical structures of gauge theory scattering amplitudes. In the planar limit, the conformal symmetry of the theory closes with dual conformal symmetry to form an infinite-dimensional Yangian-symmetry [1] [2] [3] [4] , which is often seen to be a criterion for integrability. Since we currently do not know an all-order solution of planar N = 4 SYM, we would like to know the scattering amplitudes in as many kinematical regimes as possible. One of them is a very special kinematical limit, called the multi-Regge-limit, in which it was possible to compute amplitudes with many external legs to very high orders in perturbation theory.
The Remainder Function in MRK
The dual conformal symmetry of planar N = 4 SYM is restrictive enough to fix all four-and five-point amplitudes to all loop orders [5] . It is only at six points that we see for the first time the appearance of the remainder function R N or the BDS normalized ratio R N , respectively [2, 3] , and we have
where A BDS N is the so-called BDS ansatz [5] , which describes the amplitude exactly to all orders for 4 and 5 external legs. We will consider the color ordered scattering amplitude of N gluons with all external momenta outgoing. Let us first define lightcone and complex transverse coordinates as
Then the scalar product of two vectors p, q is given by
Let us further, without loss of generality, choose a reference frame such that the momenta p 1 , p 2 of the two initial state gluons are aligned with the z-axis with p z 2 = p 0 2 , which yields p
Then the multi-Regge-limit [6] is defined as the limit where the remaining external momenta p i , 3 ≤ i ≤ N are strongly ordered in rapidity while having no hierarchy in the transverse components, or equivalently
As the initial gluons are barely deflected in this limit, their helicity must be conserved along their path, so that the amplitude will only depend on the helicities h 1 , . . . , h N−4 of the produced gluons.
We will therefore often label the BDS normalized ratio R only with the helicities of the produced gluons
The ratio R h 1 ,...,h N−4 = 1 in MRK in the Euclidean region. After analytically continuing the energy components of the produced gluons, however, we find a non-trivial expression. Due to fixing a hierarchy in the longitudinal component of the external momenta, the amplitude exhibits logarithms log τ i , with 6) where
→ 0, and where we define the dual coordinates x i via
These logarithms become very large as we approach the multi-Regge-limit and should therefore be resummed, which yields
where ω k , χ ± k and C ± i j are the BFKL eigenvalue, impact factor and central emission blocks respectively and L k = log τ k + iπ. This is in accordance with the conjectured to factorization of the remainder function in an auxillary space, also referred to as Fourier-Mellin space, to all orders in perturbation theory into a small number of building blocks [7] [8] [9] which can be visualized as in fig 1. The initial gluons are connected via impact factors χ to a radiated gluon and to a ladder of Reggeon exchanges and central emission blocks C, with an additional gluon radiated from each central emission block and a large logarithm log τ k for each reggeized gluon. Expanding the result perturbatively, we find at every loop order a polynomial in these large logarithms. Truncating this expansion at the highest appearing order of logarithms, we get the leading logarithmic approximation (LLA) of the amplitude. For the remainder of this paper, we will focus on exactly this approximation and comment on the extension beyond LLA in the end. The corresponding expression for the LLA remainder function can be obtained by replacing the building blocks in (2.8) by their respective leading terms
Then the -loop N-point remainder function takes the form Further, since the logarithms log τ k capture the dependence of the amplitude on the longitudinal part of the external momenta, the perturbative coefficients g
depend only on the N − 2 transverse momenta p 3 , . . . , p N . Let us further define the cross-ratios
for later convenience.
It is expected that amplitudes in MRK in N = 4 SYM can be expressed in terms of polylogarithms G a 1 ,...,a n (z) [11, 12] . These are defined via the recursion
From the optical theorem, we can further learn about possible branch cuts of the amplitudes, namely they originate from points at which virtual particles become on-shell. Since all particles in N = 4 SYM are massless, branch-cuts need to start at (x i − x j ) 2 = 0. Going to MRK, this condition translates to branch-cuts starting at |x i − x j | 2 = 0. Since |x i − x j | 2 ≥ 0, this means that the perturbative coefficients are single-valued functions. A more rigorous derivation based on symbols and cluster algebras can be found in [10, 12] . At this point it is convenient to introduce a basis of single-valued functions to express the perturbative coefficients in. The so called single-valued polylogarithms G a 1 ,...,a n (z) [11] are linear combinations of polylogarithms in z andz, withz being the complex conjugate of z, such that all branch-cuts cancel and they fulfil the same holomorphic differential equation as regular polylogarithms,
..,a n (z).
(2.14)
The Perturbative Coefficients
Expanding (2.8) in the coupling constant and comparing coefficients with (2.10), we can read off the definition of the g
and we find at LLA, i.e. for ∑ i k = − 1,
where
is the vacuum ladder. Its name will become clear, after introducing a graphical representation for the perturbative coefficients g
. At LLA, the expansion of (2.8) is fixed up to how far we expand the individual exponentials τ aE k k . We will therefore view the the leading term, i.e. with all τ aE k k → 1, as a vacuum state and occurrences of E k , coming from higher orders of the exponentials as insertions. We can symbolize the vacuum state as a ladder of external gluons and insertions of E k as insertions into the faces of the diagram, as can be seen in fig. 2 . Now that we have reviewed the structure of the remainder function in MRK in N = 4 SYM, as well as its mathematical properties, we want to focus on how to compute the perturbative coefficients in the next section.
Fourier-Mellin Convolutions
In this section, we will explain how to use convolutions to easily compute scattering amplitudes in MRK. For this purpose, we will restrict ourselves to the MHV case for now and extend the concept to the non-MHV case afterwards. As we have seen in (2.8), the remainder function R N corresponds to a multiple Fourier-Mellin transform
Under this transformation, products are mapped onto convolutions, and we have
This relation allows us to relate perturbative coefficients of different loop orders by repeatedly extracting leading order BFKL eigenvalues E i from the Fourier-Mellin integral (3.2), allowing us to raise the loop order of a given perturbative coefficient by computing a convolution integral. At seven points, for example, we have
The necessary ingredient, namely the Fourier-Mellin transform of the leading order BFKL eigenvalue,
evaluates to a simple rational function. In addition to this, we will exploit the fact that the perturbative coefficients are single-valued objects. It was shown that the integral over the whole complex plain of a single-valued function f can be calculated by computing the holomorphic residues of a single-valued anti-holomorphic primitive F of f [13] ,
where {a i , ∞} is the set of singularities of F. Close to any of these points, a single-valued function F(z) can be expanded as
Then the holomorphic residue is defined as
With this at hand, once we know a starting point, e.g. the two-loop remainder function, we can promote it to higher loops simply by convoluting it with F [E k ], which corresponds to a rather straight-forward computation of residues.
Factorization
Expressing the perturbative coefficients in terms of the dual coordinates x i instead of the cross ratios z i , we find that in certain cases the dependence on some of them drops out and we are left with substantially simpler objects. In particular, it turns out that any perturbative coefficient with empty faces and equal neighbouring helicities will simplify to a lower-point object [12] . The eight-point perturbative coefficient g
Since the only insertions we can have at LLA are leading order BFKL eigenvalues E k and since at MHV all helicities are equal, we can conclude that at any given loop-order, the remainder function R N can be expressed in terms of a finite number of perturbative coefficients. At three loops, for example we find 
where we decided to only label the remainder function by its helicity configuration and the number of external legs is implicit.
Amplitudes Beyond MHV and LLA
Fourier-Mellin convolutions can also be used to flip the helicities of external particles. At seven points, for example we have
with
We see that the relevant integration kernel for the convolutions is again a simple rational function. Note that the condition for a perturbative coefficient to simplify to a lower-point coefficient included that the face with no insertions was bounded by two external lines with equal helicities. This means that some amplitudes beyond MHV, e.g. the amplitude with alternating helicities, will not be reducible to lower-point objects. Most of them, like for example R
−+···+ will however still simplify drastically, like
Beyond LLA, we will for the first time encounter corrections to the BFKL building blocks in (2.8), the individual perturbative coefficients will however still correspond to Fourier-Mellin transformations and hence they can be computed from a starting point using convolutions [14] . We will however encounter additional insertions, both into the faces as well as vertices of our graphical representation.
We have applied the described mathematical framework both at LLA and at NLLA. At LLA, we have computed all MHV amplitudes through 5 loops, and all 8 point amplitudes through 4 loops in all helicity configurations. At NLLA, we have computed all MHV 3 loop amplitudes and the 7 point amplitude in the MHV configuration through 5 loops and in the + − + and − + + helicity configurations through 3 and 4 loops, respectively.
Conclusions
We have presented a framework with which scattering amplitudes in MRK in N = 4 SYM can easily be computed to high orders in perturbation theory and for many external particles. In particular it is possible for the first time, at any order in perturbation theory, to compute an infinite number of amplitudes, albeit in a special kinematical limit. By calculating a finite number of perturbative coefficients, we can immediately write down the remainder function for any number of external particles. The framework is applicable for all helicity configurations as well as at LLA and NLLA and it allowed us to completely classify the function space of scattering amplitudes within these accuracies.
Beyond NLLA, we do not expect any conceptually new hurdles. Since the central emission block , as opposed to the impact factors and the BFKL eigenvalue, is only known to NLO, we have however not been able to test our framework there. It would certainly be interesting to check explicitly whether it holds to all logarithmic accuracies and whether it is possible to determine the function space of MRK to all orders.
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